The possibility of exploiting low-resolution acoustic signals used for the navigation of Lagrangian floats to simultaneously estimate the speed of sound is studied. Acoustic navigation of Lagrangian floats is regularly carried out by measuring travel times from three fixed stations assuming a known value for the speed of sound. The sound speed is considered here as a variable of the problem to be estimated from the travel-time data simultaneously with the horizontal location of the float. The estimation problem is linearized and solved analytically, and closed-form expressions for the sound-speed estimation errors are derived. Typical acoustic navigation ͑RAFOS͒ signals are characterized by limited time resolution ͑0.2 s͒ challenging the accuracy of sound-speed estimation, depending on the location of the float with respect to the fixed stations. By exploiting travel-time data from multiple floats, the sound-speed estimation accuracy can be increased, which reflects in higher localization accuracy as well. In the case of a single float improved sound-speed estimates and localization results can be obtained by combining travel-time data from different float locations. Numerical results verify the theoretical error estimates and demonstrate the efficiency of the method.
I. INTRODUCTION
Lagrangian floats play a significant role for the study of ocean currents and have been successfully used in the world's oceans and seas. [1] [2] [3] [4] [5] They are neutrally buoyant free drifting instruments which settle at a predetermined depth and follow the trajectory of the corresponding water parcel. 6, 7 Long-range navigation of Lagrangian floats is commonly performed using acoustics: pulsed acoustic signals are emitted from moored sources and received on the floats ͑RAFOS floats 8, 9 ͒, or alternatively emitted from the floats and received at moored hydrophones ͑original tracking concept 10 ͒, and acoustic travel times are measured. Assuming a value for the speed of sound the measured travel times are converted into ranges and the horizontal location of the floats is calculated by triangulation.
The advent of the ARGO system 11 has established a worldwide network of Lagrangian floats at large depths ͑2000 m͒, which every 10 days profile the water column by ascending to the sea surface from where they transmit temperature/salinity and position data through satellite and then return back to their parking depth to start another cycle. The deployment of ARGO floats at high latitudes is seriously hindered because of the presence of sea ice. In this connection, the enhancement of ARGO floats with a RAFOS receiving capability has been addressed. 12, 13 This additional functionality will allow tracking of the floats at arbitrarily short intervals, e.g., two to three times a day ͑instead of every 10 days͒, and optimization of the surfacing process.
The signals used for acoustic navigation of Lagrangian floats are usually narrowband signals resulting in simple source design, at the cost of reduced time resolution, whereas the temporal sampling is also performed with low resolution-sampling period of the order of 0.2 s. This resolution can provide accuracy of ϳ300 m in range estimation assuming that the sound speed is precisely known. In reality, however, there are uncertainties in the sound speed, which result in additional localization errors. The aim of the present work is to study the feasibility of simultaneously estimating the sound speed and solving the localization problem from the low-resolution travel times. The anticipation is that besides the sound-speed estimation this approach will also increase localization accuracy.
To estimate the horizontal location of a RAFOS float, three sources ͑fixed stations͒-all synchronized-are commonly used. The first two sources are used to estimate the location of the float subject to left-right ambiguity, with respect to the interconnecting line of the sources. The third source is used to resolve this ambiguity by providing additional travel-time ͑range͒ information. 8 This additional information from the third source is used here not only to remove the left-right ambiguity but also to make an estimation of the sound speed, simultaneously with solving the localization problem. The present study takes place in the framework of the Damocles Arctic research project, 14 and, in this connection, the main interest is in high-latitude areas. The Damocles project has recently deployed a group of RAFOS floats in the Arctic ocean. For their tracking pulsed acoustic signals emitted from a number of ice-tethered platforms are used. The frequency of the emitted pulses is 780 Hz and the pulse duration is ϳ0.1 s, whereas the sampling period on the floats is 0.18 s.
Localization problems relying on measured travel times and simultaneously improving the environmental information have been addressed by Dosso et al., with application in array element localization, [15] [16] [17] including optimization of the source geometry, 18 as well as in acoustic tracking of sonobuoys. 19 These are short-range applications with timemeasurement accuracy of the order of 0.001 s and normally distributed errors, whereas the solution of the non-linear localization problem relies on optimization algorithms, Monte Carlo methods, or iterative approaches combined with linearization. In long-range ocean acoustic tomography combined localization and environmental inversion problems arise in the case of untracked moving sources and/or receivers; such problems have been addressed in actual experiments 20 and simulation studies [21] [22] [23] in which the measurement of travel times has been sufficiently accurate to resolve and exploit multipath structure.
In the case of RAFOS transmissions the challenging factor is the low temporal resolution, of the order of 0.2 s. With such a resolution it is impossible to analyze the fine structure of the received signals and exploit multipath for the retrieval of the depth structure of the sound-speed distribution. Exploitation of multipath would require a higher temporal resolution, by at least one order of magnitude, as, e.g., in tomography experiments. 24, 25 Besides, at high latitudes the variability of the sound speed with depth is small ͑10 m / s or less over the entire water column͒, resulting in temporal congestion of arrivals at the receiver for ranges up to a few hundred kilometers. 26 At lower latitudes the variability of sound speed with depth is larger resulting in larger time spread; this does not necessarily lead to an increase in traveltime uncertainty if robust observables are used, such as the arrival finale. 24 As for the horizontal variability, range independence is a common assumption in ocean acoustic tomography experiments for areas away from ocean fronts. The information content of RAFOS data is very limited to retrieve the horizontal variability of the sound speed in addition to the float location. In this connection, a zero-order approach is adopted here focusing on the estimation of variable but constant sound speed. Although simple, this is an improvement compared to conventional RAFOS localization using a priori fixed sound-speed values. Based on the assumption of uniformity the estimation problem can be treated analytically in a linear framework. This approach leads to closed-form expressions for the sound-speed estimates and the associated estimation errors.
The main source of travel-time error considered here is the low-resolution discretization process, with typical step size of the order of 0.2 s. Further sources of error include the modeling approach, in particular, the assumption of uniform sound-speed distribution neglecting multipath along a section or differentiation of the sound speed between the different sections, and the measurement process including signal characteristics and signal processing. 24, 27 For RAFOS signals the large size of the temporal discretization steps is considered to be the dominant factor behind travel-time errors. In this connection, the remaining error sources are not accounted for in the present analysis.
The contents of the work are organized as follows. Section II addresses the estimation of sound speed from travel times between floats and fixed stations in a linear analytic framework, and provides closed-form expressions for the sound-speed errors in the cases of one or several floats. In Sec. III some numerical examples are presented for soundspeed estimation and float localization and the validity of the theoretical predictions is assessed. In Sec. IV the results of the work are discussed and conclusions are drawn.
II. SOUND-SPEED ESTIMATION
In this section the case of one or several floats of unknown location communicating with three fixed stations in a medium of unknown uniform sound speed is considered.
A. Single float
For a float at ͑unknown͒ distances r i , i =1,2,3, from three fixed stations, the corresponding exact travel times t i will be
where c is the true sound speed. Assuming that the float and the fixed stations are synchronized, the measured travel times are considered as truncated versions of t i with discretization step ␦ equal to the temporal resolution ͑typically 0.2 s in
where the brackets ͓·͔ ␦ denote truncation to the nearest discrete value, with discretization step ␦.
Even though the distances r i are unknown, an approximate reference location ͑F 0 ͒ of the float can be estimated by making a guess of the sound speed and using the measured travel times, see Fig. 1 . This reference location may in general not comply with all measured travel times, still it can be assumed to be close to the true location ͑F͒ of the float. Displacements about the reference location are described in terms of a rectangular coordinate system ͑x , y͒ with origin at the reference location F 0 . If the distance between the float and the fixed stations is much larger than the float displacement ͑x , y͒ then the directions between the float and the fixed stations remain approximately the same as the float moves from the reference to the true location, such that the resulting change in the corresponding ranges can be approximated by the projection of the displacement vector on the reference
where r i,0 , i =1,2,3, are the reference ranges ͑the ranges from the fixed stations to the reference float location͒. This is, in fact, a linear approximation of the range r i as a function of the displacement vector ͑x , y͒. An estimate of the sound speed ͑ĉ͒ and the float displacement ͑x , ŷ͒ can be obtained by substituting Eq. ͑1͒ into Eq. ͑3͒ and replacing the exact with the discrete travel times. The resulting equations form a system of three linear equations with three unknowns
The solution of this system for the sound speed is where
The estimate ĉ will in general deviate from the true sound speed c due to the deviation of the discrete travel times from the exact ones. Introducing the travel-time errors
the measured travel time i can be written as
Substituting this relation into the expression ͑5͒ for ĉ, the latter can be written in terms of the true sound speed and the travel-time errors as follows:
.
͑8͒
In the Appendix it is shown that, as long as Eq. ͑3͒ is valid, the following identity holds:
This means that the expression r 1 A 32 + r 2 A 13 + r 3 A 21 is invariant for small displacements about the reference location. Thus, the expression in parentheses in the denominator in Eq. ͑8͒ is identical to the numerator. Assuming that the travel-time errors are small and expanding the right-hand side of Eq. ͑8͒ to the first order with respect to i the soundspeed estimate ĉ can be written as
For modeling purposes the travel-time errors i are considered in the following as random variables uniformly distributed over the interval ͑−␦ / 2,␦ / 2͒. In this case the expectation and variance of i will be ͗ i ͘ = 0 and ͗ i 2 ͘ = ␦ 2 / 12, respectively. Hence, the expectation of ĉ becomes
which means that ĉ is an unbiased estimator of c to the first order. This should be expected from a first-order expansion and zero-mean errors i . Interestingly, second-order calculations also result in negligible bias, much smaller than the corresponding rms-error. Assuming that the errors i are pairwise uncorrelated the variance of the sound-speed estimate ĉ to the first order will be
and the corresponding rms-error will be
In this expression the quantities A ij have to do with the gross geometry of the problem whereas the denominator, although involving the reference ranges, is invariant to perturbations of the reference position, Eq. ͑9͒, as shown in the Appendix. This means that the above estimate, Eq. ͑13͒, for the rmserror is independent from the reference position used. The error is proportional to the time discretization step, inversely proportional to the distances between the float and the fixed stations, and depends on the gross geometrical configuration.
B. Multiple floats
In the following the case of multiple floats n =1, ... ,N is considered, each communicating with three fixed stations. The fixed stations communicating with each float may be different, i.e., the fixed stations may be more than 3 in general. The previous analysis can be applied to the individual floats resulting in sound-speed estimates where r ni,0 , i =1,2,3, are the reference ranges, ni,0 the reference angles, A n,ij = sin͑ ni,0 − nj,0 ͒, i , j =1,2,3, and ni the measured travel times for the nth float. While the index n describes a particular float, the index i does not describe a particular fixed station on its own but in association with n.
The corresponding sound-speed error is given by 
and will be different for each different float, depending on the particular geometry. The minimum-variance unbiased linear estimator of the sound speed c can be shown to be the weighted average of the individual sound-speed estimates ĉ n with inverse variance weighting
Assuming that the errors ni = ni − t ni , n =1, ... ,N, i =1,2,3, are uniformly distributed in ͑−␦ / 2,␦ / 2͒ the expectation of c MV is clearly equal to c to the first order. Further, assuming that the errors ni are pairwise uncorrelated the rms-error of the above sound-speed estimate takes the form 
͑17͒
Assuming that all floats communicate with the same three fixed stations and that they are close to each other, such that the same reference position can be used for all of them ͑r ni,0 = r i,0 ͒, the rms-error in sound-speed estimation becomes
i.e., using a set of N moving floats reduces the rms-error by a factor 1 / ͱ N. This is compatible with the behavior of the rms-error of a number of independent observations.
III. NUMERICAL RESULTS
In this section some numerical results are presented for sound-speed estimation and float localization, assuming one or several floats communicating with three fixed stations. In all examples the temporal resolution is considered 0.2 s and the true sound-speed value is 1506.2 m / s, whereas the floats and the fixed stations are considered synchronized. From the exact ranges and the true sound-speed value the exact travel times are calculated, and then they are discretized to the nearest 0.2 s increment. The resulting discrete travel times are considered as the measured data, from which the soundspeed and float locations are estimated.
A. Effects of float location
In the first example the fixed stations form an orthogonal triangle of side 100 km in the two orthogonal directions. Figure 2 shows the theoretically predicted errors in soundspeed estimation ͑upper panel͒ and the actual sound-speed estimates ͑lower panel͒ as functions of the float location in the horizontal plane. In particular, the upper panel shows the theoretical error bound, given by the rms-error estimate, Eq. ͑13͒, multiplied by ͱ 3. This corresponds to a uniform distribution and represents the theoretical limit for the soundspeed error, which to the first order follows uniform distribution, cf. Eq. ͑10͒. From this figure it is seen that the predicted errors are small in the interior of the triangle defined by the three fixed stations and become large for float locations close to the circumcircle of the triangle ͑black line͒. Outside the circumcircle the errors drop with distance; nevertheless the decay is slower across the hypotenuse than across the other two sides.
The lower panel in Fig. 2 shows the actual sound-speed estimates from the discrete travel times, Eq. ͑5͒, at the various float locations. The yellow color in this figure represents the true sound-speed value ͑1506.2 m / s͒. The deviations from this value are compatible with the theoretical error estimates and behavior shown in the upper panel. In general the errors appear to be smaller inside the circumcircle than outside, and largest in the vicinity of the circle. The three straight lines defined by the fixed stations can be discrimi- This explains the above-mentioned behavior since by virtue of Eq. ͑19͒ the predicted error, Eq. ͑13͒, becomes infinite for float locations lying on the circle. From another point of view, the denominator in Eq. ͑5͒, i.e., the determinant of the linear system ͑4͒, becomes very close to zero for float locations in the vicinity of the circumcircle, which renders the three equations ͑4͒ linearly dependent. This means that only two equations are left for the three unknowns ͑ĉ , x , ŷ͒, such that they accept a solution ͑an acceptable float location͒ for any arbitrary value of the sound speed ĉ. This indefinitiveness is shown in Fig. 3 for the case of a float whose true location ͑heavy dot͒ is on the circumcircle. The figure shows 11 float locations ͑open circles͒ resulting from Eq. ͑4͒ for 11 different sound-speed values, from 1300 to 1700 m / s. The indefinitiveness for float locations on the circumcircle does not mean singularity of the localization problem. In fact, if the true sound-speed value is known then the true float location can be correctly estimated, even for locations on the circumcircle. The singularity refers to the simultaneous localization and sound-speed estimation problem.
In the following examples, a configuration of three fixed stations forming an equilateral triangle of side 100 km is considered. Figure 4 presents the theoretical error bounds in sound-speed estimation ͑upper panel͒ and the actual soundspeed estimates ͑lower panel͒ as functions of the float location. The triangle symmetry in this case reflects in the predicted errors and also in the deviations of the estimated sound speed from the true value ͑1506.2 m / s͒. The straight lines defined by the fixed stations can be distinguished in the lower panel as in the previous case. The sound-speed error becomes larger as the float location comes closer to the circumcircle. On the other hand the error for float locations inside the circumcircle appears to be lower than for locations outside. To look into this more clearly, a section along the line AA parallel to the x-axis for y = 175 km is considered. Figure 5 shows the predicted error bounds ͑solid lines͒ and the actual errors ͑resulting by subtracting the true soundspeed value 1506.2 m / s from the actual sound-speed estimates͒, along the line AA of Fig. 4 . Both the theoretical and the actual errors are seen to be smaller inside the circumcircle than outside, whereas they become unbounded on the trace of the circumcircle on the line AA. The actual errors ͑dots͒ lie in most cases within the predicted error bounds, and the agreement between the two is remarkable. The points that lie outside the predicted bounds correspond to cases where the second-order terms O͑ 2 ͒ in the sound-speed expansion, Eq. ͑10͒, become significant. In that case the distribution of the sound speed deviates from the uniform distri- bution and begins to form "tails." A sign of these tails is the existence of sound-speed values outside the error bounds predicted by linear theory. Nevertheless, it is remarkable how well the first-order theoretical prediction performs in describing the actual error variance. Further, it is seen that the errors of the actual sound-speed estimates are evenly distributed about zero, pointing to a negligible bias. The x-resolution used in Fig. 5 is 60 m, 50 times higher than that used in Fig.  4 ͑3000 m͒, and reveals interesting structures, such as the striation patterns, particularly toward the left and right ends as well as in the middle; these patterns are associated with jumps between different discrete travel-time values. Further, the actual errors close to the traces of the straight lines connecting the fixed stations exhibit increased coherence, which is associated with the fact that the estimation problem becomes one-dimensional for float locations on these lines.
A way to avoid the infinite sound-speed errors for float locations on the circumcircle is by constraining the inversion using a priori information. To check this, a statistical inversion approach 28, 18 is applied to the localization and soundspeed estimation problem. The a priori information for both the sound speed and the float locations is assumed to have the form of Gaussian distributions. In particular, the deviation from the reference location is assumed to follow a zeromean Gaussian distribution with standard deviation 1000 m, whereas the sound speed is assumed to be normally distributed about a "guess" value of 1500 m / s. Three alternative values are considered for the standard deviation of the latter distribution: 20, 10, and 5 m / s. Finally, the exact travel times are considered to follow uniform distribution about the observed travel-time values, as in the analytic approach.
The a posteriori probability density function is sampled using a Monte Carlo method 29 for float locations along the same line AA shown in Fig. 4 . The resulting sound-speed populations ͑not shown here͒ are distributed about the correct value ͑1506.2 m / s͒. The standard deviations of these populations about 1506.2 m / s are shown in Fig. 6 for the three cases of the standard deviation for the sound speed: 20, 10, and 5 m / s. It is seen in Fig. 6 that the reduction in the standard deviation for the sound speed leads to gradual suppression of the errors for float locations close to the circumcircle, as expected. Apart from that, the statistical inversion scheme results in smaller sound-speed errors inside the circle than outside, i.e., in a similar behavior as the analytic approach. In comparing Figs. 5 and 6 it should be noted that Fig. 5 shows the actual sound-sound estimates and the predicted error bounds, whereas Fig. 6 shows the rms-errors.
B. Combination of travel-time data from different floats
The next numerical example addresses the effect that a combination of travel-time data from a group of floats has on sound-speed estimation and localization. In this connection a random distribution of 37 floats around the three fixed stations ͑same as in the previous example͒ is considered, as shown in Fig. 7 . Floats A, B, and C are floats for which localization results will be shown. Figure 8 shows the soundspeed estimates obtained by combining the 37 floats in three different ways. In the upper two panels the floats are sorted by their distance from the center of the circle; in the upper panel they are taken in order of decreasing distance, i.e., from the outmost float ͑C͒ inward, whereas in the middle panel they are taken in order of increasing distance, i.e., from the inmost float ͑A͒ outward. In the lower panel the floats are taken in order of increasing error. The floats outside the cir- cumcircle are characterized in general by larger sound-speed errors than the floats inside, whereas the floats close to the circumcircle are characterized by the largest errors, cf. Fig.  4 .
From Fig. 8 it is seen that in all cases the addition of more floats lowers the predicted sound-speed error bounds ͑solid lines͒ monotonically. Further, the theoretical predictions are compatible with the actual sound-speed estimates ͑open circles͒. In the first case ͑upper panel͒ the initial error-the one corresponding to float C-is significantly larger than in the second case ͑middle panel͒-the one corresponding to float A. This is due to the less favorable location of float C, outside the circumcircle, compared to the location of float A, close to the center of the circumcircle. On the other hand, when all 37 floats are taken into account the same error is obtained: Ϯ0.6 m / s for the theoretically predicted variability interval ͑solid lines͒ and 0.15 m / s for the actual error ͑open circle͒. The same holds when the floats are sorted in order of increasing error ͑lower panel͒, in which case, however, the above limits appear to be approximated more efficiently. Figure 9 shows the results of the localization for floats A, B, and C located at characteristic locations with respect to the circumcircle: float A lies closest to the center, float B lies close to the circumference, and float C is the outmost one, cf. Fig. 7 . The left panels of Fig. 9 show the localization results based on the individual sound-speed estimates from the single floats, whereas the results in the right panels are based on the best sound-speed estimates ͑combination of all 37 floats͒. The localization improvement is marginal for float A but significant for the outmost float C and largest for float B. This is associated with the uncertainties in sound-speed estimation resulting from the travel times of the single floats: Floats close to the center are characterized by smaller uncer- tainties than exterior floats, whereas the floats close to the circumference have the largest uncertainties. The resulting location uncertainty based on the individual sound-speed estimates spans about 1 km for float C and 1.5 km for float B whereas it is less than 500 m for float A; the highest range accuracy that can be obtained with a travel-time discretization step of 0.2 s is 300 m. The difference between the individual and the average sound-speed estimate is small for float A, larger for float C ͑cf. Fig. 8͒ and largest for float B lying close to the circumcircle. The obtained localization uncertainties using the average sound-speed estimate are of the order of 500 m or lower.
C. Combination of travel-time data from a single float at different locations
In the examples considered so far the combination of travel-time data from multiple floats leads in general to improvements both in sound-speed estimation and localization accuracy, compared to the case of a single float. The improvement is due to the random location of the floats relative to the fixed stations, reflecting into random travel-time errors averaging to zero. In the light of this result one could think of improving the sound-speed estimate obtained from a single float by combining travel-time data from different float locations, i.e., at different times, assuming that the sound speed remains unchanged. If the locations are far enough from each other the effect on the travel times should be similar to that of multiple floats. In this connection, the last example involves exploitation of travel-time data from a single float at different locations. For convenience the float is assumed to follow an inertial current, i.e., a circular trajectory. Radii of 600 and 1500 m are considered corresponding to current velocities of 0.04 and 0.1 m / s, respectively, assuming polar latitudes. A third case with radius as small as 10 m is also considered for comparison purposes. Two float locations are examined, one inside the circumcircle ͑A͒ and one outside ͑B͒, as shown in Fig. 10 . The float locations and their trajectories are shown in Fig. 10 . The fixed stations are considered in the same equilateral configuration as before. Figure 11 shows the sound-speed estimates for floats A and B for each of the three trajectories as a function of the number of positions combined ͑assumed uniformly distributed on the circular trajectory͒. The solid lines in this figure represent the theoretical error bounds assuming the traveltime errors to be statistically independent. When the radius is only 10 m the various float locations on the circle are characterized by identical discrete travel times. This means identical sound-speed estimates from each float position, in which case the average makes no difference; this is seen in the top panels in Fig. 11 . In this case the assumption of statistical independence is clearly not fulfilled. As the radius becomes larger there are differences in the discrete travel times for the different float locations and this in turn leads to differences in the sound-speed estimates; this is seen in the middle and lower panels of Fig. 11 . In general the errors are significantly larger for the outside float B than for the inside float A, still in both cases better sound-speed estimates are obtained when the number of positions on the trajectories increases. The agreement between the predicted error bounds and the spread of the actual sound-speed estimates in the last two cases is remarkable. Figure 12 shows the localization results for floats A and B based on the initial sound-speed estimates-travel-time data from a single float location-͑panels on the left͒ and the results based on the combined travel-time data from all 24 locations along the circular trajectory of radius 1500 m ͑pan-els on the right͒. The improvement is marginal for the case of float A, whose favorable location close to the center results in a small sound-speed error ͑and thus localization error͒ even using travel-time data from a single location of the float. In the case of float B the increase in the localization accuracy is much clearer to see. The reason is that float B is close to the circumcircle and thus the initial sound-speed error is large contributing to localization uncertainty of the order of 1 km; note that the locations A and B in Fig. 10 are different from those in Fig. 7 . With the improvement in the sound-speed accuracy obtained by the combination of traveltime data at 24 different float locations the localization uncertainty drops to less than 500 m.
IV. DISCUSSION AND CONCLUSIONS
In this work a method was proposed for simultaneous estimation of sound speed and localization of RAFOS floats from low-resolution travel-time data. Closed-form expressions for the sound-speed estimates and the corresponding errors were obtained based on two linearization assumptions; ͑i͒ linearization of range variations between floats and fixed stations with respect to float displacements and ͑ii͒ linearization of sound-speed estimates with respect to travel-time errors. The first linearization can be justified if the distances between floats and fixed stations are large, larger than a few kilometers, taking into account that the initial uncertainty associated with the float location is of the order of 1 km. The second linearization is supported by the numerical results presented here, in particular, by the agreement between the actual sound-speed errors and the error bounds predicted from the first-order approach.
The resulting closed-form expressions allow for a parametric study of the sound-speed and localization errors. The present approach does not account for a priori information constraining the sound speed, and in this connection, it leads to infinite sound-speed errors for float locations on the circumcircle through the fixed stations. The singularity arises because of linear dependence of the associated equations, which means that the sound-speed estimation problem becomes indefinite ͑any value of the sound speed is accepted͒. This indefinitiveness has to do with the combined soundspeed estimation and localization problem, not with the localization problem alone, i.e., if the true sound speed is known then Eq. ͑4͒ leads to the true float positions, even on the circumcircle.
Further, the predicted sound-speed errors are in general smaller for float locations inside the circumcircle than outside, and largest for locations in the neighborhood of the circumcircle. These results are in agreement with the behavior of actual sound-speed estimates. As a further check a statistical inversion approach was applied to the non-linear estimation problem imposing a priori constraints to soundspeed and position uncertainties in the form of Gaussian probability density functions. Apart from the suppression of the sound-speed singularities for float locations close to the circumcircle, the statistical approach results in a similar behavior of the sound-speed error, with smaller values inside the circle, larger outside, and largest ͑yet finite͒ on the circle, thus confirming the analytic results to a large extent.
Improved sound-speed estimates can be obtained from a group of floats by taking weighted averages over individual sound-speed estimates ͑based on travel times from single floats͒. In this case the best, in terms of minimum variance, linear estimate of the true sound speed is the weighted mean of the individual sound-speed estimates with weights proportional to the inverse variances. The thus obtained soundspeed estimate exhibits a monotonic improvement ͑decrease in estimation error͒ as additional floats are taken into account irrespective of the location of the floats. Nevertheless, the location of each new float affects the degree of improvement since, e.g., floats near the circumcircle are characterized by larger variances, and they are given smaller weights, than floats close to the center.
Improved knowledge of the sound speed reflects in improved localization results. For floats close to the center of the circumcircle the errors of the individual sound-speed estimates are small enough such that the localization uncertainty is mainly governed by the temporal resolution ͑ϳ300 m for ␦ = 0.2 s͒. For floats close to or outside the circumcircle the individual sound-speed estimates are subject to larger uncertainties which contribute to increased localization errors ͑1000-1500 m in the examples considered͒. These errors can be reduced by improving the sound-speed estimates. This can be achieved by combining data from different floats or from the same float at different locations. The latter is a useful alternative under the assumption that the sound speed remains unchanged, and provided that the different locations are sufficiently apart from each other, such that the resulting changes in travel times are larger than the discretization step, and the corresponding travel-time errors can be considered as pairwise uncorrelated. 
